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general solutio!l is .derived for a system of nonlinear partial differential equations describing longi-
plasma. osclllatlO!ls. method of of the solution involves the imposition of 
functional relatIOnships among the mtegrals of an associated system of ordinary differential 
equatIOns. 
1. INTRODUCTION 
The purpose of this paper is to discuss a mathemat-
ical technique for deriving general solutions to a 
subsystem of the nonlinear differential equations 
describing the interactions of electromagnetic fields 
with ionized media. 
The nonlinear interaction of an electromagnetic 
wave with a plasma layer has been investigated 
theoretically and experimentally by Whitmer, Teten-
baum, and Barrett.1- 4 The mathematical model on 
which these studies are based consists of Maxwell's 
equations, together with the continuity equation and 
the "Navier-Stokes" equation for the electrons. The 
latter equations may be derived by taking the first 
and second moments of the Boltzmann equation. In 
this model, n represents the electron density; niO is 
the steady-state positive ion concentration; V is the 
electron velocity vector; e and m are the charge and 
mass of the electron; collisions are between electrons 
and neutral particles, are assumed to be elastic, and 
are described by a collision frequency v. 
In this model, the nonlinear terms nV, VXB, and 
(V· V)V appear. In Refs. 1-4, the authors discussed 
nonlinear effects produced by these terms, such as 
harmonic generation and frequency mixing. The 
approach taken was to expand all terms into Fourier 
series in time, match frequency components, and solve 
a sequence of boundary-value problems for the linear-
ized equations in a plasma slab. In general, the results 
of the experiments gave good agreement with the 
theoretical predictions made by this method, within 
the limits of the theory. 
In the present paper, a method is described for 
deriving general solutions to a subset of the nonlinear 
equations of the model, by exploiting the fact that 
the equations in the subset have identical principal 
parts. 5 From these general solutions, infinitely many 
special solutions may be derived, expressed in terms 
of the plasma parameters v and wp. These solutions 
correspond to longitudinal oscillations of the plasma. 
In the present paper we shall not treat the case of a 
strong dc magnetic field, which may produce coupling 
between these oscillations and transverse components 
of the electromagnetic field. 
Let E"" Ey , E., B"" By, B., and V"" Vy, V. represent 
the X, y, and i components of the E, B, and Vvectors, 
respectively. We shall assume a simple geometry in 
which all spatial variation is in the x direction only, 
and we shall begin by investigating the solution in 
which Ey , E., By, B., Vy , and V. are = O. We retain 
the equations 
o e e 
- E", = - n - - niO ' (1) ox €o €o 
a e -E = - - nV (2) at '" €o "" 
a a e 
;- V'" + V",;- v., = - E", - v V"" (3) 
vt vx m 
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describing longitudinal plasma oscillations. Multi-
plying (1) by V", and adding to (2), we derive 
- - E + V - - E = -W V a(e) a(e) 2 
at m '" '" ax m '" p "" 
(4) 
where w; = nioe2/mEo. The "plasma frequency" wp 
is assumed to be constant. We shall derive a general 
solution to the nonlinear system (3), (4). 
2. INTEGRALS OF THE NONLINEAR SYSTEM 
Observing that the Eqs. (3) and (4) have the same 
principal parts, we consider the equivalent system of 
nonlinear ordinary differential equations 
dt = dx = d[(e/m)E",] = dV", . (5) 
1 V", -w;V", (eJm)E", - vV", 
The integration of systems of first-order partial 
differential equations having the same principal parts 
may be achieved by deriving integrals of such systems 
of ordinary differential equations.5 Three integrals 
will be derived from (5) be standard techniques (Ref. 
6, Chap. 6), and a general solution will be constructed 
from these integrals. 
It can be easily shown that a general solution to (5) 
may be written in the form 
x(t) = C1eJ.+t + C2eJ.-t + Ca, 
Vit) = A+CIe;.+t + A,-C2en , (6) 
where 
) ( 2C ;.+t 2C ;'-1 (elm E., t) = -Wp Ie - wp 2e , 
A,+ = -v/2 + i(w; - v2/4)!, 
A- = -v/2 - i(w; - v2/4)t, 
and C1 , C2 , and Ca are arbitrary constants. 
Equivalently, we have the relations 
:-;'+1 _[Vit) + (!!... E",(t»)] = CI , A - A Wp m 
e-J.-t ·[Vit) + A:(!!... E.,(t»)] = C2 , A- - A+ Wp m 
[(: Eit)) + w;xJ = Ca. 
(7) 
We observe that at t = 0, (7) provides explicit 
solutions for the constants of integration C1 , C2 , 
and Ca in terms of the initial values Vo, xo, and 
[(e/m)E", (0)]. We also observe that for the original 
system of Eqs. (3), (4), appropriate initial data would 
be of the form 
Vo = V., (x, t = 0) = F(x), 
!!...EiO) = !!...E.,(x, t = 0) = G(x). 
m m 
These initial data give rise to functional relations 
among the constants Cl , C2 , and Ca. This method 
of construction of general solutions to the system 
(3), (4), by utilizing the functional relations that the 
initial data impose among the constants of integration, 
may be stated in the form of a theorem: 
Theorem: Let x2) and 'r(xl , x2) be any C2 
functions of two variables whose first derivatives do 
not vanish. A general solution to the system (3), (4) 
may be found by solving the equations 
Ca) = 0 = 'r(C2 , Ca). 
Proof: The proof consists of calculating the 
derivatives: 
= 0 = oCl + oC3 , 
ax oCl ax aC3 ox 
= 0 = oCl + oC3 , etc., at aCl at aCa at 
and then substituting for Cl , C2 , and Ca the integrals 
derived above. The resulting equations regenerate the 
system (3), (4). I 
For example, suppose that we impose the following 
functional relations on the integrals: 
C1 = I(Cs) , 
C2 = h(Cs), 
where I (x) and hex) are arbitrary differentiable func-
tions I(x), hex) y6 O. 
It follows that we have 
(: E",) + iWpV",] 
= -2wp(w; - tv2)!e'<+tf(: E", + w;x) (8) 
and 
(: E",) - iWpV",] 
= -2wp (w! - tv2)*e;.-th(: E", + w;x). (9) 
Any explicit choice of the functions I (x) and hex) 
in Eqs. (8) and (9) will result in a pair of equations 
defining V", and (ejm)E" as explicit functions of (x, t!. 
To illustrate this idea, let I(x) == 1 == hex). ThIS 
choice results in the spatially independent solutions 
(: E",) = -2w;e-O/ 2t{cos [(w! - v2J4)ltJ), (10) 
V", = _e-V / 2t{v cos [(w; - v2/4)tt] 
+ 2(w! - v 2/4)! sin [(w; - v2/4)lt]). (11) 
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Once and have been determined, the 
electron density n(x, t) can be derived from either 
Eqs. (1) or (2): 
E", + w! = L n(x, t) = -o(!!... E",)/V",. ax m mEo at m 
It is easy to verify that (lO) and (11) and the 
resulting value of n(x, t) are exact solutions of the 
original nonlinear system (1), (2), and (3). For small 
values of the collision frequency, v/wp « 1, these 
solutions represent pure longitudinal oscillations 
close to the plasma frequency; the collision frequency 
produces exponential damping. 
3. DISCUSSION 
A general solution has been found for the system 
of equations in the nonlinear model in the special 
case B1/ = Bz = E1/ = Ez = Vy = Vz = o. The method 
of construction of the general solution involves the 
imposition of arbitrary functional relationships among 
the integrals of the associated system of ordinary 
differential equations, thus displaying an infinity of 
possible longitudinal oscillations which satisfy the 
equations. The method has been illustrated by the 
choice f(x) == 1 == hex) in Eqs. (8) and (9). This 
particular choice gives rise to spatially independent 
plasma oscillations (10) and (11). An infinity of 
possible solutions may be generated in this way, 
corresponding to different initial conditions for the 
system (1), (2), and (3). For example, iff(x) == x == 
hex), the resulting solution represents a longitudinal 
oscillation that grows linearly with (x) and contains 
Fourier components at all integral multiples of the 
plasma frequency. The choice f(x) == cos (x) == hex) 
gives rise to interesting nonseparable wavelike 
solutions. 
It is expected that further research will provide an 
extension of this method of integration to construct 
approximate general solutions to the nonlinear 
model in cases where the transverse field components 
do not vanish, and where spatial variations in more 
than one dimension are allowed. A subsequent paper 
will treat the effect of a strong transverse magnetic 
field, which will introduce coupling between the 
longitudinal oscillations described above and the 
transverse components of the field. 
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